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Abstract
Inspired by the small mass-squared difference measured in the solar neutrino oscillation ex-
periments and by the testability, we suggest that a limit of the partial mass degeneracy, in
which masses of the first two generation fermions are degenerate, may be a good starting point
for understanding the observed fermion mass spectra and mixing patterns. The limit indicates
the existence of a two-dimensional rotation symmetry, such as O(2), DN and so on, in flavor
space of the first two generations. We propose simple models for the lepton sector based on DN
and show that the models can successfully reproduce the experimental data without imposing
unnatural hierarchies among dimensionless couplings, although at least 10% tuning is necessary
in order to explain a large atmospheric mixing. It is especially found that the Z2 subgroup of the
DN symmetry plays an important role in understanding the smallness of the electron mass and
θPMNS13 . We also discuss testability of the models by the future neutrinoless-double-beta-decay
experiments and cosmological observations.
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I. INTRODUCTION AND MOTIVATION
Although the Standard Model (SM) of particle physics agrees very well with various
experimental results, some problems and unsatisfactory points have also been pointed out.
One of them is the lack of a guiding principle ruling the flavor structure of fermions. In
this regard, the introduction of flavor symmetries is one of the most conceivable extensions
of the SM and also well motivated from a viewpoint of string theories [1].
Since, as concluded in Ref. [2], most of flavor symmetries need to be broken either
spontaneously or explicitly at energy scales much above the electroweak scale, it is usually
not easy to decide which symmetries are suitable and how they should be imposed. To this
end, one needs to find out remnants of such broken symmetries in a low energy Lagrangian,
and small parameters could be important for this purpose. If symmetry breaking was
slight, its effects should correspondingly be small, yielding small breaking terms in a low
energy Lagrangian. Moreover, even if they were grossly broken, the breaking effects might
be realized as effective non-renormalizable operators suppressed by their breaking scales.
For instance, it is well known that a Majorana neutrino mass term can be constructed
with only the SM particles at mass-dimension five [3]:
Leff = fij
Λν
LiLjHH, (1)
where L and H represent the left-handed lepton and the SM Higgs doublets, respectively,
and that the lepton number conservation is violated with this term1. In this case, this
term can be regarded as a breaking term of the lepton number symmetry broken at the
high energy scale Λν. Hence, it might be said that small parameters in a low energy
theory are the manifestation of new symmetries in high energies; zero limits of the small
parameters may correspond to the unbroken limits of the associated symmetries.
In the case of flavor symmetries, their remnants should appear in the fermion mass
terms and/or the flavor mixing sectors. For example, one can line up the following can-
didates of small parameters:
1. θPMNS13 ≪ θPMNS12 , θPMNS23 (or |V PMNSe3 | ≪ the others),
1 In Ref. [4], authors relate the tiny neutrino masses with the Peccei-Quinn symmetry.
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2. |θPMNS23 − 45◦| ≪ θPMNS23 (or ||V PMNSµ3 | − 1/
√
2| ≪ |V PMNSµ3 |),
3. ∆m212 = (m
ν
2)
2 − (mν1)2 ≪ ∆m223 = |(mν3)2 − (mν2)2|,
4. mu,d,ℓ1 , m
u,d,ℓ
2 ≪ mu,d,ℓ3 ,
5. θCKMij ≪ θPMNSij (or |V CKMij | ≪ |V PMNSij |),
where θPMNSij and θ
CKM
ij stand for the mixing angles of the Pontecorvo-Maki-Nakagawa-
Sakata (PMNS), V PMNS, and the Cabibbo-Kobayashi-Maskawa (CKM), V CKM, mixing
matrices2, respectively; mfi with f = u, d, ℓ, ν and i = 1, 2, 3 denotes masses of the up-
type quarks, down-type quarks, charged leptons and neutrinos. The first two items have
attracted a lot of attention over the years as they predict the µ-τ permutation symmetry [6]
or non-Abelian discrete flavor symmetries [7] in the limit of θPMNS13 = 0
◦ with θPMNS23 = 45
◦.
In fact a number of models based on these symmetries have been proposed [8]. The recent
reactor [9] and long-baseline [10] neutrino oscillation experiments, however, disfavor the
vanishing θPMNS13 : the DAYA-BAY experiment [11] give us 7.7σ deviations from θ
PMNS
13 = 0
◦
with a rather large central value of θPMNS13 ≃ 8.7◦. Furthermore, considerable deviations
of θPMNS23 from 45
◦ have also been found in the global analysis of the neutrino oscillation
experiments [12–14], yet its confidence level is not high enough to conclude. Having these
facts in mind, we would turn our attention to the remaining three items and discuss their
consequences in the present study.
First, the third item means quasi mass degeneracy between the first and second gener-
ation neutrinos unless mν1 is much smaller than m
ν
2 in the case of normal mass ordering.
Let us focus on this partially quasi-degenerated region (roughly mν1 = 0.05 ∼ 0.1 eV
and mν3 = 0 ∼ 0.1 eV for the normal and inverted ordering cases, respectively) and
consider the effective Majorana neutrino mass operator given in Eq. (1). In the limit
of ∆m212 = 0, the Majorana neutrino mass matrix comes to respect a two-dimensional
2 In this paper, we adopt the standard parametrization [5].
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rotation symmetry [15, 16]3, such as O(2), SO(2) and DN :
RT


mν1 0 0
0 mν1 0
0 0 mν3

R =


mν1 0 0
0 mν1 0
0 0 mν3

 with R =


cos θ sin θ 0
− sin θ cos θ 0
0 0 1

 . (2)
In other words, L1 and L2 belong to a doublet representation, e.g. 2n, of the symmetry,
while L3 behaves as a singlet representation, e.g. 1. (Notations of O(2) are given in
Appendix.) Then, the observed slight mass splitting between mν1 and m
ν
2 could be inter-
preted as slight breaking of the rotation symmetry. Like this, the observed neutrino mass
spectrum could be explained by starting from a limit of mν1 = m
ν
2.
Secondly, the idea of the partial mass degeneracy (mf1 = m
f
2), however, seems to
conflict with the fourth item because the charged lepton masses are strongly hierarchical.
Nevertheless, it is possible to realize a hierarchical mass spectrum in the case of Dirac
fermions by assigning a different doublet representation, 2m6=n, or a singlet representation
1 to the right-handed charged leptons, resulting in
M ℓ =


0 0 0
0 0 0
0 0 mℓ33

 or M ℓ =


0 0 0
0 0 0
mℓ31 m
ℓ
32 m
ℓ
33

 , (3)
respectively. It can be readily observed that the electron and muon masses are vanishing
and thus degenerate in both cases. In this sense, the idea of the partial mass degeneracy
may be applicable to not only the charged lepton sector but also the quark sectors. Rather,
that appears reasonable since one can relate the smallness of the light charged fermion
masses with symmetry breaking. Also, it may enable us to naturally understand some
phenomenological relations among elements of the CKM matrix [18].
Lastly, given the above conjectures, the fifth item may naturally be explained at the
same time. Breaking of the rotation symmetry triggers flavor mixing as well. On one
hand, in the quark and charged lepton sectors, small flavor mixings are expected because
breaking terms are supposed to be small; thus the observed small CKM mixing would
be derived4. On the other hand, in the neutrino sector, its flavor mixing can be large
3 The mass degeneracy is entangled with the mixing in Ref. [17].
4 Note that mixing between the first and second generations is not necessarily small because of the mass
degeneracy. This might enable us to understand why θCKM12 is a little larger than the others.
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since the leading-order neutrino mass matrix in Eq. (2) is almost proportional to the
unit matrix in the neutrino mass regions under consideration. We here stress that the
mysterious differences between the CKM and PMNS matrices stem from the nature of
fermions, that is to say Dirac or Majorana, in this scenario.
To summarize, the limit of the partial mass degeneracy seems to fit the observed
fermion mass spectra and mixing patterns and suggests the existence of a two-dimensional
rotation symmetry. Yet another motivation to consider the partial mass degeneracy is
that the effective mass, 〈mν〉, of the neutrinoless double beta decay is not vanishing
even in the case of normal mass ordering5. In Fig. 1, we depict the allowed regions of
〈mν〉 as a function of the lightest neutrino mass in the standard 3ν framework, where 3σ
constraints of the neutrino oscillation parameters from [13] are imposed while varying CP
phases from 0 to 2π. For example, if mν1 > 0.05 eV, then 〈mν〉 > 0.01 eV, which would be
accessible by the next generation EXO and KamLAND-Zen experiments [21]. In addition,
the sensitivity of cosmic microwave background (CMB) observations on the neutrino mass
has just started to enter this mass region [22]. Thus, it should be worthwhile to carry out
theoretical studies on this mass region.
In Sect. II, we show a simple model for the lepton sector by means of a DN flavor
symmetry and demonstrate that its Z2 subgroup forbids the electron mass and θ
PMNS
13 .
The particle content is enriched with SM-gauge-singlet real scalars. In order to break the
Z2 symmetry, in Sect. III, we promote the singlet scalars to complex ones with complex
vacuum expectation values. After mentioning testability of the models in Sect. IV, we
summarize our results and discuss what to do next in Sect. V. The group theories of DN
and O(2) are briefly summarized in Appendix A and B, respectively.
II. MODEL WITH REAL SCALARS
Typical examples of a flavor symmetry realizing the partial mass degeneracy are pre-
sumably O(2), SO(2) and DN . As we shall explain later, SO(2) may be excluded from the
list since it does not include a Z2 parity, whereas both O(2) and DN would be useful for
our purpose. We here adopt DN as our flavor symmetry just to avoid dangerous massless
5 We would like to thank E. Takasugi for making us aware of this point.
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LI L3 ℓi H SI
DN 22 1 1 1 21
TABLE I: A particle content and charge assignment of the model, where I = 1, 2 and i = 1-3
denote the indices of generations; L and ℓ represent the left- and right-handed SM leptons,
respectively; H and S1,2 are the SM Higgs and gauge-singlet real scalars, respectively.
Nambu-Goldstone bosons or gauge anomalies. We concentrate on the case of N = odd
and postulate that N is sufficiently large. In this case, one may be able to disregard the
tensor product Eq. (A4) in Appendix A unless higher order terms with huge suppression
factors are concerned, and the theory would be governed by only Eqs. (A2) and (A3)
which are the same as those of O(2). In this sense, the following models would work for
O(2), too. We will make a further comment on differences between DN and O(2) models
later in this section.
We embed L1 and L2 into the doublet representation 22 of DN and assign the trivial
singlet representation 1 to the other leptons and the SM Higgs6, resulting in me = mµ = 0
and mν1 = m
ν
2. In order to lift the mass degeneracies, the DN flavor symmetry must be
broken by a doublet representation, so that we introduce a set of SM-gauge-singlet real
scalars S1,2 belonging to 21. A particle content and charge assignment of the model are
summarized in Table I. We consider the effective Majorana neutrino mass operator given
in Eq. (1) so as to keep our discussions as general as possible. Under the DN flavor
symmetry, the charged lepton Yukawa and Majorana neutrino mass terms are written by
L = y0i L3Hℓi +
yi
Λ2F
LIHℓi(S
2)I +
fν
Λν
LILIHH +
f ′ν
Λν
L3L3HH
+
gν
ΛνΛ2F
L3LIHH(S
2)I +
hν
ΛνΛ4F
(LJLK)IHH(S
4)I , (4)
where y0i , yi, fν , f
′
ν , gν and hν are dimensionless complex couplings and supposed to
be O(1), and ΛF describes a breaking scale of the DN symmetry. Note that the term
proportional to O(1/Λ4F ) is omitted in the charged lepton sector since it is absorbed by
6 Alternatively, one can embed ℓ1 and ℓ2 into a doublet representation too as mentioned in Section I. In
this case, however, masses of the electron and muon tend to be degenerate within the given particle
contents. Such charge assignments are adopted in Ref. [23] with different particle contents.
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(yi/Λ
2
F ) LIHℓi(S
2)I . We denote the vacuum expectation values (VEVs) of the scalars as
〈H〉 = v, 〈SI〉 = (s1 s2)T , (5)
which yield the following mass matrices for the charged leptons and neutrinos:
1
v
M ℓ =


0 0 0
0 0 0
y01 y
0
2 y
0
3

+
1
Λ2F


y1δ1 y2δ1 y3δ1
y1δ2 y2δ2 y3δ2
0 0 0

 , (6)
Λν
v2
Mν =


fν 0 0
0 fν 0
0 0 f ′ν

+
1
Λ2F


0 0 gνδ1
0 0 gνδ2
gνδ1 gνδ2 0

+
1
Λ4F


hν(δ
2
1 − δ22) hν2δ1δ2 0
hν2δ1δ2 −hν(δ21 − δ22) 0
0 0 0

 .(7)
Here and hereafter we use the following abbreviations
δ1 = s
2
1 − s22 , δ2 = 2s1s2 , δs = s21 + s22 . (8)
The charged lepton mass matrix is diagonalized by the unitary transformation
V ℓ =
1
δs


−δ2 δ1 0
δ1 δ2 0
0 0 δs




1 0 0
0 cos θ − sin θ eiρ
0 sin θ e−iρ cos θ

 , (9)
with
tan 2θ =
2Y ′δsΛ
2
F
Y δ2s − Y 0Λ4F
∼ O
(
1
Λ2F
)
, (10)
where Y 0 = |y01|2 + |y02|2 + |y03|2, Y = |y1|2 + |y2|2 + |y3|2, Y ′ = |y∗1y01 + y∗2y02 + y∗3y03| and
ρ = Arg[y∗1y
0
1 + y
∗
2y
0
2 + y
∗
3y
0
3]. The eigenvalues are approximately derived as
1
v2
(V ℓ)†M ℓ(M ℓ)†V ℓ ≃


0 0 0
0 Y Y
0−Y ′2
Y 0
δ2s
Λ4
F
0
0 0 Y 0

 . (11)
One immediately observes that the electron remains massless and that si/ΛF ∼
√
mµ/mτ .
On the other hand, the unitary transformation affects the neutrino mass matrix in such
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a way that
Λν
v2
(V ℓ)TMνV ℓ =


M¯ν11 0 0
0 M¯ν22 M¯
ν
23
0 M¯ν32 M¯
ν
33

 , (12)
where
M¯ν11 = fν − hν
δ2s
Λ4F
, (13)
M¯ν22 ∼ fν + hν
δ2s
Λ4F
+
Y ′(Y ′f ′ν − 2Y 0gν)
(Y 0)2
δ2s
Λ4F
, (14)
M¯ν23 = M¯
ν
32 ∼
Y 0gν + (fν − f ′ν)Y ′
(Y 0)2
δs
Λ2F
, (15)
M¯ν33 ∼ f ′ν +
Y ′(Y ′fν + 2Y
0gν)
(Y 0)2
δ2s
Λ4F
, (16)
and it can be seen that θPMNS12 and θ
PMNS
13 are vanishing as well.
The vanishing electron mass, θPMNS12 and θ
PMNS
13 are not accidental. In order to explain
this, let us first consider the case of O(2). Since O(2) is a continuous symmetry, there al-
ways exists an O(2) transformation which keeps the VEV configuration Eq. (5) invariant,
such as 
 cos θ sin θ
sin θ − cos θ

 = 1
s21 + s
2
2

 s21 − s22 2s1s2
2s1s2 −(s21 − s22)

 . (17)
After the symmetry breaking, this invariance ends up an unbroken Z2 symmetry under
which the left-handed leptons transform as
Li →
1
δ2s


δ21 − δ22 2δ1δ2 0
2δ1δ2 −(δ21 − δ22) 0
0 0 δ2s


ij
Lj , (18)
or in the diagonal basis of the charged lepton mass matrix, it becomes
Li →


−1 0 0
0 1 0
0 0 1


ij
Lj . (19)
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From Eq. (19), it is clear that the electron mass, θPMNS12 and θ
PMNS
13 are forbidden by this
Z2 symmetry. Also, looking back at Eqs. (6) and (7), it can be found that they take
the most-general Z2-invariant forms. In the case of DN , the Z2 symmetry may not be
an exact one because DN is a discrete group. Corrections stemming from this violation,
however, are negligibly small as long as the order of DN is sufficiently large. In the case
of N = 9, for instance, effects of the Z2 breaking appear in (x/Λ
7
F ) LIHℓi(S
7)I for the
first time. A D9 invariant term is obtained by constructing 22 from (S
7)I via 23⊗24 with
the tensor product Eq. (A4). After S1,2 develop the VEVs, the resultant term violates
the Z2 symmetry and induces a non-zero but negligibly small electron mass. Similarly,
the breaking effects in the neutrino sector are ignorable. If N ≤ 7, it may be possible
to reproduce a realistic electron mass. Although this may be an interesting idea, we will
discuss a different breaking mechanism of Z2 in the next section while assuming N ≥ 9.
Note that the Z2 symmetry originates in the parity included in DN and O(2), whereas
SO(2) does not include it.
We stress that the Z2 symmetry could provide us with a natural explanation for the
smallness of the electron mass and θPMNS13 : their smallness could be explained by ap-
proximate conservation of the Z2 symmetry. Moreover, the electron mass and θ
PMNS
13 are
possibly correlated with each other through a mechanism of the Z2 symmetry breaking.
In contrast, θPMNS12 can easily be large due to the mass degeneracy. In the next section,
we will show it is indeed the case.
III. MODEL WITH COMPLEX SCALARS
A. Model
One way to break the Z2 symmetry is to promote SI to complex scalars with com-
plex VEVs. In the current and next subsections, just for simplicity, we assume that all
the dimensionless couplings are real and invoke spontaneous CP violation (SCPV). The
availability of SCPV will be discussed in the next subsection, and here we simply rewrite
the VEVs of the scalars as
〈H〉 = v, 〈SI〉 = (s1eiφ1 s2eiφ2)T . (20)
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As can be seen from Eq. (17), an unbroken limit of the Z2 symmetry corresponds to
φ1 = φ2, which keeps the right-hand side real, and thus a slight splitting between them
is expected to trigger a non-zero electron mass, θPMNS12 and θ
PMNS
13 . The Lagrangian is
augmented by the following new terms:
Lnew =
y
′
i
Λ2F
LIHℓi(S
∗2)I +
y′′i
Λ2F
LIHℓi(|S|2)I
+
g′ν
ΛνΛ2F
L3LIHH(S
∗2)I +
g′′ν
ΛνΛ2F
L3LIHH(|S|2)I
+
h′ν
ΛνΛ4F
(LJLK)IHH(S
∗4)I +
h′′ν
ΛνΛ4F
(LJLK)IHH(|S|4)I
+
h′′′ν
ΛνΛ4F
(LJLK)IHH(S
2|S|2)I + h
′′′′
ν
ΛνΛ4F
(LJLK)IHH(S
∗2|S|2)I . (21)
Suppose φ2 = φ1 + δφ and δφ≪ 1, the charged lepton mass matrix is approximated as
1
v
M ℓ ≃


0 0 0
0 0 0
y01 y
0
2 y
0
3

+
1
Λ2F


Y˜1δ1 Y˜2δ1 Y˜3δ1
Y˜1δ2 Y˜2δ2 Y˜3δ2
0 0 0

−
iδφ
Λ2F


Y˜ ′1δs Y˜
′
2δs Y˜
′
3δs
0 0 0
0 0 0

 (22)
upto the first order of δφ, where
Y˜i = yie
2iφ1(1 + iδφ) + y′ie
−2iφ1(1− iδφ) + y′′i ,
Y˜ ′i = yie
2iφ1 − y′ie−2iφ1 .
(23)
Similarly, the neutrino mass matrix is
Λν
v2
Mν ≃


fν 0 0
0 fν 0
0 0 f ′ν

+
1
Λ2F


0 0 G˜νδ1
0 0 G˜νδ2
G˜νδ1 G˜νδ2 0

−
iδφ
Λ2F


0 0 G˜′νδs
0 0 0
G˜′νδs 0 0


+
1
Λ4F


H˜ν(δ
2
1 − δ22) H˜ν2δ1δ2 0
H˜ν2δ1δ2 −H˜ν(δ21 − δ22) 0
0 0 0

−
iδφ
Λ4F


H˜ ′νδ1δs H˜
′
νδ2δs 0
H˜ ′νδ2δs −H˜ ′νδ1δs 0
0 0 0

 , (24)
with
G˜ν = gνe
2iφ1(1 + iδφ) + g′νe
−2iφ1(1− iδφ) + g′′ν ,
G˜′ν = gνe
2iφ1 − g′νe−2iφ1 ,
H˜ν = [hνe
4iφ
1(1 + 2iδφ) + h′νe
−4iφ
1(1− 2iδφ) + h′′ν
+ h′′′ν e
2iφ
1(1 + iδφ) + h′′′′ν e
−2iφ
1(1− iδφ)] ,
H˜ ′ν = [2hνe
4iφ
1 − 2h′νe−4iφ1 + h′′′ν e2iφ1 − h′′′′ν e−2iφ1 ] .
(25)
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The terms proportional to δφ violate the Z2 symmetry, which indicates that the electron
mass and θPMNS13 are proportional to δφ. In order to demonstrate this, we here simplify the
diagonalization of the charged lepton mass matrix by requiring
∑
i y
0
i Y˜
∗
i =
∑
i y
0
i (Y˜
′
i )
∗ =∑
i Y˜i(Y˜
′
i )
∗ = 0. With this simplification, we regard the third term of Eq. (22) as small
perturbations. Then, the electron mass is approximately obtained as
m2e ≃ (δφ)2
∑
i
|Y ′i |2
δ22
Λ4F
v2 , (26)
while the 12 and the 13 element of the neutrino mass matrix gain
Λν
v2
M¯ν12 ≃ iδφ
δ2δs
Λ4F
H˜ ′ν +O
(
(δφ)2
Λ4F
)
,
Λν
v2
M¯ν13 ≃ iδφ
δ2
Λ2F
G˜′ν +O
(
(δφ)2
Λ2F
)
.
(27)
in the diagonal basis of the charged lepton mass matrix. The other elements are almost
the same as Eq. (12). Now, it is obvious that θPMNS13 as well as the electron mass are
proportional to and suppressed by δφ. The expression of θPMNS13 can be derived from them,
but it is rather complicated. Hence, we refrain from showing it.
The model contains a sufficient number of parameters to fit the experimental data.
Nevertheless, we would like to emphasize that the model can reproduce experimental data
without manipulating the dimensionless couplings hierarchical by hand. For instance, we
find the following parameter spaces (
∑
i y
0
i Y˜
∗
i =
∑
i y
0
i (Y˜
′
i )
∗ =
∑
i Y˜i(Y˜
′
i )
∗ = 0 are not
placed):
y01 = y
0
2 = 1.2, y
0
3 = 1.0, y1 = −y2 = y3 = y′1 = y′2 = −y′3 = 0.8,
y′′1 = −y′′2 = −y′′3 = 0.85 ∼ 0.90,
f ′ν = 1.0, fν = 0.93 ∼ 0.95, gν = g′′ν = 0.9, g′ν = 0.9 ∼ 1.3,
hν = h
′
ν = h
′′
ν = −h′′′ν = −h′′′′ν = 0.8 ∼ 1.3,
s1,2
ΛF
= 0.17 ∼ 0.27, |φ1| = 1.2 ∼ 2.0, |δφ| = 0.08 ∼ 0.10 ,
(28)
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for the normal mass ordering, and
y01 = y
0
2 = 1.2, y
0
3 = 1.0, y1 = −y2 = y3 = y′1 = y′2 = −y′3 = 0.8,
y′′1 = −y′′2 = −y′′3 = 0.84 ∼ 0.88,
f ′ν = 1.0, fν = 1.05 ∼ 1.08, gν = g′′ν = −0.9, g′ν = 1.1 ∼ 1.5,
− hν = −h′ν = −h′′ν = h′′′ν = h′′′′ν = 1.3 ∼ 1.8,
s1,2
ΛF
= 0.18 ∼ 0.28, |φ1| = 1.2 ∼ 2.0, |δφ| = 0.08 ∼ 0.10 ,
(29)
for the inverted mass ordering. The parameter spaces are required to reproduce the
charged lepton mass ratios at the Z-boson mass scale [24]:
me
mµ
= 4.74× 10−3, mµ
mτ
= 5.88× 10−2 , (30)
and to satisfy 1σ constraints of the oscillation parameters:
∆m212
∆m223
=


(2.94 ∼ 3.35)× 10−2 for Normal
(2.97 ∼ 3.30)× 10−2 for Inverted
, (31)
sin2 θPMNS12 =


0.291 ∼ 0.325 for Normal
0.303 ∼ 0.336 for Inverted
, (32)
sin2 θPMNS13 =


(2.16 ∼ 2.66)× 10−2 for Normal
(2.23 ∼ 2.76)× 10−2 for Inverted
, (33)
sin2 θPMNS23 =


0.365 ∼ 0.410 for Normal
0.569 ∼ 0.626 for Inverted
, (34)
from Refs. [13] (for Normal) and [12] (for Inverted). Note that θPMNS12 can be large owing
to the mass degeneracy, but at least 10% tuning is necessary between fν and f
′
ν in order
to reproduce a large θPMNS23 . Note also that, as discussed below Eq. (11), the scales of
si/ΛF are indeed close to that of
√
mµ/mτ .
Furthermore, in those parameter spaces, the mass of the second generation neutrino
and 〈mν〉 are computed as
mν2 = 0.07 ∼ 0.08 eV , 〈mν〉 = 0.07 ∼ 0.08 eV , (35)
for both the normal and inverted ordering cases.
12
B. Scalar potential and spontaneous CP violation
We discuss the possibility for SCPV in our model. We expand the singlet scalar fields
with its VEVs as
S =

S1
S2

→

s1eiφ1 + S1
s2e
iφ2 + S2

 . (36)
We write the full scalar potential up to renormalizable level:
V = VH + VS + VHS , (37)
VH = α |H|2 + β |H|4 , (38)
VS = αS |S|2 + α′SRe
[
S2
]
+ βaS |S|21 |S|21 + βbS |S|21′ |S|21′ + βcS |S|22 |S|22
+ β ′SRe
[
S4
]
+ γS |S|2Re
[
S2
]
, (39)
VHS = λ |H|2 |S|2 + λ′ |H|2Re
[
S2
]
, (40)
where the couplings βAS (A = a, b, c) distinguish different combinations of S1,2 under the
DN tensor product rules, and all of the couplings are supposed to be real. Substituting
the VEVs into the potential, we obtain
VH = αv
2 + βv4 , (41)
VS = αS(s
2
1 + s
2
2) + α
′
S(s
2
1 cos 2φ1 + s
2
2 cos 2φ2) + β
a
S(s
2
1 + s
2
2)
2
−4βbSs21s22 sin2(φ1 − φ2) + βcS{(s21 − s22)2 + 4s21s22 cos2(φ1 − φ2)}
+β ′S
[
s41 cos 4φ1 + s
4
2 cos 4φ2 + 2s
2
1s
2
2 cos[2(φ1 + φ2)]
]
+γS(s
2
1 + s
2
2)(s
2
1 cos 2φ1 + s
2
2 cos 2φ2) , (42)
VHS = λv
2(s21 + s
2
2) + λ
′v2(s21 cos 2φ1 + s
2
2 cos 2φ2) . (43)
Hereafter, we presume that the singlet scalar fields were completely decoupled from the
theory at a high energy scale and investigate only the potential VS. Then, the minimiza-
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tion conditions are calculated as
∂VS
∂φ1
= −2s21
[ {α′S + γS (s21 + s22)} sin 2φ1 + 2(βbS + βcS)s22 sin [2 (φ1 − φ2)]
+2β ′S
(
s21 sin 4φ1 + s
2
2 sin [2 (φ1 + φ2)]
) ]
= 0 , (44)
∂VS
∂φ2
= −2s22
[ {α′S + γS (s21 + s22)} sin 2φ2 − 2(βbS + βcS)s21 sin [2 (φ1 − φ2)]]
+2β ′S
(
s22 sin 4φ2 + s
2
1 sin [2 (φ1 + φ2)]
) ]
= 0 , (45)
∂VS
∂s1
= 2s1
[
αS + α
′
S cos 2φ1 + 2β
a
S(s
2
1 + s
2
2)− 4βbSs22 sin2(φ1 − φ2)
+2βcS{s21 − s22 + 2s22 cos2(φ1 − φ2)}+ 2β ′S(s21 cos 4φ1 + s22 cos [2(φ1 + φ2)])
+γS{s22 cos 2φ2 + (2s21 + s22) cos 2φ1}
]
= 0 , (46)
∂VS
∂s2
= 2s2
[
αS + α
′
S cos 2φ2 + 2β
a
S(s
2
1 + s
2
2)− 4βbSs21 sin2(φ1 − φ2)
−2βcS{s21 − s22 − 2s21 cos2(φ1 − φ2)}+ 2β ′S(s22 cos 4φ2 + s21 cos [2(φ1 + φ2)])
+γS{s21 cos 2φ1 + (s21 + 2s22) cos 2φ2}
]
= 0 . (47)
Let us set α′S, β
′
S and γS to zero just for simplicity, then the first two conditions become
2(βbS + β
c
S)s
2
2 sin[2(φ1 − φ2)] = 0, 2(βbS + βcS)s21 sin[2(φ1 − φ2)] = 0 . (48)
Suppose φ1 ≃ φ2, which is preferred from a model building point of view, the third and
fourth conditions give us
s21 + s
2
2 = −
αS
2(βaS + β
c
S)
. (49)
IV. NEUTRINOLESS DOUBLE BETA DECAY
We here discuss testability of the models. In order to keep generality, we introduce the
most-general Z2-breaking terms to Eq. (12) by hand and re-parametrize it as
Λν
v2
(V ℓ)TMνV ℓ =


fν 0 0
0 fν M¯
ν
23
0 M¯ν23 f
′
ν

 +


ε11 ε12 ε13
ε12 0 0
ε13 0 0

 , (50)
where all the parameters are complex, the second term violates the Z2 symmetry, and
the terms proportional to s4i /Λ
4
F are neglected in the first term. Here, M¯
ν
23 is suppressed
with s2i /Λ
2
F , and as mentioned just below Eq. (11) the scales of si/ΛF can be estimated
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from the charged lepton mass ratio as si/ΛF ∼
√
mµ/mτ . Therefore, one can infer
|M¯ν23/f ′ν | ≃ 0.06. The scales of εij are unknown, but they may be at least smaller than
M¯ν23 since εij are responsible for a small θ
PMNS
13 .
We evaluate the effective mass of the neutrinoless double beta decay:
〈mν〉 =
∣∣c212c213mν1eiγ1 + s212c213mν2eiγ2 + s213e−2iδmν3eiγ3∣∣ ,
where sij (cij) is sin θ
PMNS
ij (cos θ
PMNS
ij ), and γi denotes the Majorana CP violating phases.
In Eq. (50), phases of fν and f
′
ν can be absorbed into the right-handed charged leptons
as we are considering the diagonal basis of the charged lepton mass matrix. In view of
fν , f
′
ν ≫ M¯ν23, εij, the eigenvalues should be dominated by fν and f ′ν . As a result, it is
conjectured that the Majorana phases are almost vanishing. Moreover, as long as we
focus on the neutrino mass regions where mν1 ≃ mν2 holds, the third term can be dropped
because of s213 ≪ 1. Given these facts, 〈mν〉 is approximately given by
〈mν〉 ≃ mν1 ≃ mν2 . (51)
In Fig. 1, we numerically calculate 〈mν〉 while assuming |M¯ν23/f ′ν | = 0.06 ± 0.04 and
|M¯ν23/f ′ν | > |εij/f ′ν | in Eq. (50). As can be seen, the model favors very narrow regions,
and thus it can easily be confirmed or excluded once the lower bounds on 〈mν〉 and the
neutrino mass are available. Especially, the experimental sensitivity on 〈mν〉 would reach
these regions in the near future. As we noticed in Sect. III-A, at least 10% tuning is
inevitable between fν and f
′
ν in order to reproduce a large θ
PMNS
23 . Because of this tuning,
the model cannot cover the neutrino mass regions in which mν3 is much far from m
ν
1 ≃ mν2.
The above results and conclusions are based on the requirement fν , f
′
ν ≫ M¯ν23, εij. For
instance, if one relaxes |M¯ν23/f ′ν | > |εij/f ′ν | into 0.5 > |εij/f ′ν |, the favored regions start
to broaden as depicted by the grey region in the case of normal mass ordering. We also
note that Fig. 1 is not a prediction since the number of parameters in the mass matrix
is enough to reproduce any data. Our claim is that 〈mν〉 would be found in such regions
soon in the case of fν , f
′
ν ≫ M¯ν23, εij, which is suggested by the model-building of the
partial mass degeneracy.
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FIG. 1: The effective mass, 〈mν〉, of the neutrinoless double beta decay as a function of the lightest
neutrino mass, mν1 (m
ν
3) for the normal (inverted) ordering case. The region surrounded by the solid
(dotted) curves corresponds to the normal (inverted) ordering case in the standard 3ν framework, where
3σ constraints of the neutrino oscillation parameters from [13] are imposed while varying CP phases
from 0 to 2π. The red regions are favored by the model for |M¯ν23/f ′ν | > |εij/f ′ν |, and the grey region
corresponds to the case of 0.5 > |εij/f ′ν| (see text). The horizontal-dashed lines display the strongest
upper bound on 〈mν〉 from the combined analysis of the EXO [19] and KamLAND-Zen [20] experiments,
and their expected future bound [21]. The vertical-dashed line represents the 95% C.L. upper bound on
the neutrino mass from the Planck data [22] in combination with a WMAP polarization low-multipole
likelihood (WP), the high-resolution CMB data (highL), and constraints from baryon acoustic oscillation
(BAO) surveys.
V. SUMMARY AND FUTURE WORKS
Inspired by ∆m212 ≪ ∆m223, we focus on the neutrino mass regions in which the first
two generation neutrinos are quasi degenerate in mass. In the limit of ∆m212 = 0, a
Majorana neutrino mass matrix respects a two-dimensional rotation symmetry: the first
two generations constitute a doublet representation while the third one acts as a singlet
representation. In the charged fermion sectors, the symmetry results in zero masses for
the first two generations, which may be a reasonable first-order approximation to the
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hierarchical mass spectra of the charged fermions. Moreover, the small CKM and large
PMNS mixings can naturally be understood as a consequence of the Dirac and Majorana
natures of fermions, respectively. We propose a simple model for the lepton sector by
means of a DN flavor symmetry and find that the smallness of the electron mass and θ13
could be explained by approximate conservation of its Z2 subgroup. We also point out that
the model would be tested by the future neutrinoless-double-beta-decay experiments and
cosmological observations. In order for the Z2 symmetry to be slightly broken, we extend
the scalar sector so as to acquire complex VEVs. Consequently, the electron mass and
θPMNS13 turn out to be related with each other via CP violating phases. The extended model
can successfully reproduce the experimental data without imposing unnatural hierarchies
among dimensionless couplings. However, at least 10% tuning between fν and f
′
ν is
necessary in order to generate a large atmospheric mixing.
In the present work, we have adoptedDN as our flavor symmetry in order to concentrate
of the flavor puzzles of fermions. It may be challenging to enlarge the symmetry to O(2)
while including an associated new gauge boson and gauge anomalies. The quark sectors
should also be included, and we need to check whether the CP phases responsible for
the electron mass can simultaneously explain the up- and the down-quark mass with the
Dirac phase in the CKM matrix. Furthermore, we plan to implement the Leptogenesis
mechanism within a specific neutrino mass generation framework. These issues will be
studied elsewhere.
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Appendix A: Group theory of DN
DN is a group of a discrete rotation, R, and parity, P , in the two-dimensional plane,
and their two-dimensional matrix representations are given by
Rq =

 cos 2πN q sin 2πN q
− sin 2π
N
q cos 2π
N
q

 , P =

 1 0
0 −1

 , (A1)
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where q is integer. It can be inferred from RN = 1 and P 2 = 1 that DN includes ZN and
Z2 as subgroups and that q acts as a ZN charge. There are 2N group elements:
G = 1, R, R2, · · · , RN−1, P, PR, PR2, · · · , PRN−1,
and the number of irreducible representations of DN is
N − 2
2
doublets plus 4 singlets for N = even,
N − 1
2
doublets plus 2 singlets for N = odd.
In what follows, we concentrate on the case of N = odd. See Ref. [7] for the N = even
case.
The doublets are labeled with the ZN charge q, such as 21, 22, · · · , 2(N−1)/2 which are
transformed by R, R2, · · · , R(N−1)/2, respectively, under the rotation. One may think
that there exit N − 1 doublets, but for instance 2N−a where N − a > (N − 1)/2 can
be identified with 2a, so that there are only (N − 1)/2 doublets for N = odd. The two
singlets are invariant under the rotation R, but one of them changes the sign under the
parity P ; we here define 1→ 1 and 1′ → −1′ under P .
The tensor products between the singlets are
1′ ⊗ 1′ = 1, 1⊗ 1′ = 1′, (A2)
and those between the doublets are
 x1
x2

 ⊗

 y1
y2

 = (x1y1 + x2y2) ⊕ (x1y2 − x2y1) ⊕

 x1y1 − x2y2
x1y2 + x2y1


2n ⊗ 2n = 1 ⊕ 1′ ⊕ 22n
,

 x1
x2

 ⊗

 y1
y2

 =

 x1y1 + x2y2
x1y2 − x2y1

 ⊕

 x1y1 − x2y2
x1y2 + x2y1


2n ⊗ 2m>n = 2m−n ⊕ 2m+n
(A3)
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if 2n ≤ (N − 1)/2 and n+m ≤ (N − 1)/2, while
 x1
x2

 ⊗

 y1
y2

 = (x1y1 + x2y2) ⊕ (x1y2 − x2y1) ⊕

 −x1y1 + x2y2
x1y2 + x2y1


2n ⊗ 2n = 1 ⊕ 1′ ⊕ 2N−2n
,

 x1
x2

 ⊗

 y1
y2

 =

 x1y1 + x2y2
x1y2 − x2y1

 ⊕

 −x1y1 + x2y2
x1y2 + x2y1


2n ⊗ 2m>n = 2m−n ⊕ 2N−(m+n)
(A4)
if 2n > (N − 1)/2 and n +m > (N − 1)/2. Note that Eqs. (A2) and (A3) are the same
as those of O(2), whereas Eq. (A4) is used only for DN .
Appendix B: Group theory of O(2)
O(2) is a group of a continuous rotation and parity in the two-dimensional plane:
Rq =

 cos θq sin θq
− sin θq cos θq

 , P =

 1 0
0 −1

 , (B1)
where θ is a continuous parameter, and q behaves like a U(1) charge in this case. There
exist two singlets, 1 and 1′ like DN , and an infinite number of doublets. The doublets can
be labeled with the U(1) charge, such as 21, 22, · · · . The tensor products are the same as
Eqs. (A2) and (A3) for all doublets.
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